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Abstract
In this paper, we define a generalization of the Brauer groups by using
Bloch’s cycle complex on etale site. We prove the Gersten conjecture of
the generalized Brauer group on some cases. As an application we prove
the Gersten conjecture of the logarithmic Hodge-Witt cohomology for a
two dimensional regular local ring which is smooth over the spectrum of
some discrete valuation ring of characteristic p > 0. Moreover we consider
a generalization of Artin’s theorem on Brauer groups.
1 Introduction
Let X be a regular scheme and Br(X) be the cohomological Brauer group
H2(Xet,Gm).
Then Br(X) satisfies the following properties:
Property 1. (i) (cf. Remark 3) Let X be a regular local ring.
(i-a) Let l be an integer which is invertible in X . Then
Br(X)l = Ker
(
Br(X)
×l
−→ Br(X)
)
= H2et(X,µl)
where µl is the sheaf of l-th roots of unity.
(i-b) Let char(X) = p > 0. Then
Br(X)pr = H
1
et(X, ν
n
r )
where νnr is the logarithmic de Rham-Witt sheaf WΩ
n
r,log.
(ii) (Purity) ([3], [24]) Let X be an equi-characteristic regular local ring and
Z ⊂ X a regular closed subscheme of codimension ≥ 2. Then
Br(X) = Br(X \ Z).
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(iii) (cf.[5, p.93, Proposition (2.1)], [22, Proposition 7.14]) Let X be a Noether
regular integral scheme and K the ring of rational functions on X . Let
X(i) the set of points x of codimension i (that is, such that dimOX,x = i)
and X(i) the set of points x of dimension i (that is such that dim
¯{x} = i).
Let κ(x) be the residue field of x ∈ X and Kx¯ the field of fractions of a
strictly Henselian OX,x¯. Then there is an exact sequence
0→ Br(X)→ Ker

Br(K) Res−−→ ∏
x∈X(0)
Br(Kx¯)

→ ⊕
x∈X(1)
H1 (κ(x),Q/Z) .
We can define a group HiB(X) for an equi-dimensional scheme X by using
etale motivic cohomology (see §3).
The group HiB(X) satisfies
H1B(X) = H
1(Xet,Q/Z) and H
2
B(X) = Br(X)
for an essentially smooth scheme over a Dedekind ring X .
We can consider the following problems:
Problem 1. (i) Let X be a regular local ring.
(i-a) Let l be an integer which is prime to char(X). Then
HiB(X)l = H
i
et(X,µ
⊗(i−1)
l ).
(i-b) Let char(X) = p > 0. Then
HiB(X)pr = H
1
et(X, ν
i−1
r ).
(ii) Let X be a regular local ring and Z ⊂ X a regular closed subscheme of
codimension ≥ 2. Then
HnB(X) = H
n
B(X \ Z).
(iii) Let notations be same as Property 1 (iii). Then the sequence
0→ HiB(X)→ Ker

HiB(K) Res−−→ ∏
x∈X(0)
HiB(Kx¯)

→ ⊕
x∈X(1)
Hi−1B (κ(x))
is exact.
We prove the following results in this paper.
Theorem 1.1. (i) (Proposition 4.2) Let X be a local ring at a point x of
an essentially smooth scheme over a Dedekind ring.
Then Problem 1 (i) is true for X .
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(ii) (Proposition 4.5) Let X be a regular integral scheme with dim(X) = 1.
Then Problem 1 (iii) is true for X .
(iii) (Theorem 4.2) Let OK be a Henselian discrete valuation ring. Let X
be an integral regular scheme and proper and flat over SpecOK with
dim(X) = 2.
Then Problem 1 (iii) is true for X.
Theorem 1.2. Let B be a regular local ring with dim(B) ≤ 1. Let A be a
regular local ring with dim(A) = 2 and a localization of finite type over B.
(i) (Proposition 4.7) Suppose that A is a mixed-characteristic and (l, char(A)) =
1. Then the sequence
Hn+1
(
Aet, µ
⊗n
l
)
→ Hn+1
(
k(A)et, µ
⊗n
l
)
→
⊕
p∈SpecA(1)
Hn
(
κ(p)et, µ
⊗n−1
l
)
is exact.
(ii) (Theorem 4.1) Suppose that B is a discrete valuation ring which is an
essentially of finite type over a field and char(B) = p > 0. Suppose that
A is smooth over B. Then the sequence
0→H1(Aet, ν
n
r )→ Ker
(
H1(k(A)et, ν
n
r )→
∏
p∈SpecA(1)
H1 (k(Ap¯)et, ν
n
r )
)
→
⊕
p∈SpecA(1)
H1(κ(p)et, ν
n−1
r )
is exact.
Moreover we can consider a generalization of Artin’s theorem ([5, p.98, The-
orem (3.1)]) as follows.
Proposition 1.1. (Proposition 6.1) Let OK be the Henselization of a dis-
crete valuation ring which is an essentially of finite type over a field k. Let
π : X → SpecOK be a proper and smooth morphism and Y the closed fiber of
π. Suppose that dim(X) = 2.
Then we can define a morphism
HnB(X)→ H
n
B(Y )
and this morphism is a surjective.
2 Notations
For a scheme X , Xet and XZar denote the category of etale schemes over X
equipped with the etale and Zariski topology, respectively. X(i) denotes the set
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of points of codimension i and X(i) denotes the set of points of dimension i.
κ(x) denotes the residue field of x ∈ X .
For t ∈ {et,Zar}, SXt denotes the category of sheaves on Xt.
For a scheme X over Fp, we denote the differential module Ω
i
X/Fp
simply by
ΩiX and we denote Ker
(
d : ΩiX → Ω
i+1
X
)
simply by ZΩiX .
Moreover we denote the logarithmic Hodge-Witt sheaf by WnΩ
i
X,log (cf.[24,
p.575, Definition 2.6.]) and the logarithmic Hodge-Witt sheaf W1Ω
i
X,log simply
by ΩiX,log.
3 Definition of HiB(X)
Let Di = Z[t0, · · · , ti]/(
∑
i
ti−1), and ∆
i = SpecDi be the algebraic i-simplex.
For an equi-dimensional scheme X , let zn(X, i) be the free abelian group on
closed integral subschemes of codimension n of X×∆i, which intersect all faces
property. Intersecting with faces defines the structure of a simplicial abelian
group, and hence gives a (homological) complex zn(X, ∗).
The complex of sheaves Z(n)t on the site Xt, where t ∈ {et, Zar}, is defined
as the cohomological complex with zn(−, 2n − i) in degree i. For an abelian
group A we define A(n) to be Z(n)⊗A.
Assume that X is a smooth scheme of finite type over a field or a Dedekind
ring, then there is a quasi-isomorphism Z(1) ≃ Gm[−1].
Moreover there is a quasi-isomorphism of complexes of etale sheaves
Z/l(n)et
∼
−→ µ⊗nl for an integer l which is invertible in X by [4, p.774, The-
orem 1.2.4] and [27].
Let Γt be the global sections functor from SXt . Then the right derived func-
tor RΓt exists on the derived categoryD(SXt). The (etale) motivic cohomology
is defined as
Hit (X,A(n)) = H
iRΓt (A(n)) .
If t = Zar or A(n) is isomorphic to a bounded below complex, then the hyper-
derived functors RiΓt (A(n)) are the cohomology of RΓt (A(n)):
RiΓt (A(n)) = H
iRΓt (A(n))
for all i.
Definition 1. Let X be an equi-dimensional scheme. Then we define
HiB(X) as
HiB(X) = H
i+1
et (X,Z(i− 1))tor.
Remark 1. Let X be a Noether regular integral scheme and R(X) the ring of
rational functions on X. Then the canonical morphism Br(X) → Br(R(X)) is
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an injective by [12, p.106, III, Example 2.22] and Br(R(X)) is a torsion group
by [12, p.53, II, Theorem 1.9]. Hence Br(X) is a torsion group.
But Hn+2et (X,Z(n)) is not torsion group for any regular scheme. For example,
by the relation Hiet(SpecP
m
K ,Z(n)) =
m⊕
j=0
Hi−2jet (SpecK,Z(n− j)) for a positive
integer m, we have
H4et(SpecP
m
K ,Z(2)) = H
0
et(SpecK,Z(0)) = Z
for an integer m ≥ 2. Hence H4et(SpecP
2
K ,Z(2)) is not torsion group for an
integer m ≥ 2.
4 Results about Problem 1
In this section, we prove that Problem 1 is true on some cases.
Lemma 4.1. (cf.[6, Theorem 8.5]) Let B be an excellent regular ring which
satisfies dim(B) ≤ 1 and char(B) = p > 0.
Let X be an essentially smooth scheme over SpecB. Then we have a quasi-
isomorphism
Z/pr(n)Zar ≃ ν
n
r [−n]. (1)
Here νnr is the logarithmic de Rham-Witt sheaf WΩ
n
r,log.
Proof. We consider the following diagram, where the vertical maps are the sym-
bol maps and the horizontal maps are the boundary maps:
⊕
x∈X(0)
Hn (κ(x),Z/pr(n)) −−−−→
⊕
x∈X(1)
Hn−1 (κ(x),Z/pr(n− 1))
x x⊕
x∈X(0)
KMn (κ(x))/p
r −−−−→
⊕
x∈X(1)
KMn−1(κ(x))/p
r
y y⊕
x∈X(0)
νnr (κ(x)) −−−−→
⊕
x∈X(1)
νn−1r (κ(x))
The upper square is commutative by [6, Lemma 3.2] and the lower square is
commutative by the definition of the boundary map (cf.[24, p.605]). The vertical
maps are isomorphisms by the theorem of Nesterenko-Suslin ([13, Theorem 4.9])
and the theorem of Bloch-Gabber-Kato ([1, p.117, Corollary (2.8)]).
Moreover
νnr = Ker

 ⊕
x∈X(0)
(ix)∗ν
n
r (κ(x))→
⊕
x∈X(1)
(ix)∗ν
n−1
r (κ(x))


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by [24, p.608, Theorem 5.2] and
Ht (Z/pr(n)Zar)
=Ker

 ⊕
x∈X(0)
(ix)∗H
t (κ(x),Z/pr(n))→
⊕
x∈X(1)
(ix)∗H
t−1 (κ(x),Z/pr(n− 1))


by [4, p.786, Corollary 4.5]. Hence Ht (Z/pr(n)Zar) = 0 for t 6= n by [6, The-
orem 1.1] and we have an isomorphism Hn (Z/pr(n)Zar) ≃ ν
n
r . Therefore a
composition of maps of Zariski sheaves
Z/pr(n)Zar ←− τ≤nZ/p
r(n)Zar −→ H
n (τ≤nZ/p
r(n)) [−n]
≃Hn (Z/pr(n)) [−n] ≃ νnr [−n]
is a quasi-isomorphism and the statement follows.
Remark 2. Let {Aλ; fµλ} be a direct system of rings. Suppose that lim→
λ
Aλ = A
is a Noether ring and fµλ are flat. Then
lim
→
λ
zn(Aλ, ∗) = z
n(A, ∗).
Proposition 4.1. Let A be a discrete valuation ring which is an essentially
of finite type over a field k and char(A) = p > 0.
Let (B, n) be a local ring which is smooth scheme over A, dim(B) = d and
i : Spec(B/n)→ Spec(B) the inclusion map.
Let the homomorphism
Z/pr(n− d)et[−2d]→ Ri
!Z/pr(n)et (2)
be induced by adjointness from the natural inclusion map.
Then the homomorphism
Hn−d (Spec(B)et,Z/p
r(n− d))→ Hn+dSpec(B/n) (Spec(B)et,Z/p
r(n))
which is defined by the map (2) agrees with the canonical map
H0
(
Spec(B/n)et,WΩ
n−d
r,log
)
→ HdSpec(B/n)
(
Spec(B)et,WΩ
n
r,log
)
which is defined in [24] up to sign via the quasi-isomorphism (1) in Lemma 4.1.
Proof. By Quillen’s method (cf.[16, Proof of Theorem 5.11]), it is sufficient to
prove that the statement is true in the case where B is an essentially smooth
over a perfect field. Therefore the statement follows from [23, Proposition 2.3.1],
[28, Theorem 2.15] and [28, Theorem 2.16].
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Proposition 4.2. LetX be a local ring at a point x of an essentially smooth
scheme over a Dedekind ring. Then Problem 1 (i) is true.
Proof. Since Hn+1 (Z(n)Zar) is the Zariski sheaf associated to the presheaf
U 7→ Hn+1 (Z(n)Zar(U)) ,
the stalk of Hn+1 (Z(n)Zar) at y, H
n+1(Z(n)Zar)y, is equal to
lim
→
U
Hn+1 (Z(n)Zar(U))
for y ∈ X where U runs over all open subschemes of X which contain y.
Since X is the spectrum of a local ring and x is the closed point of X , we
have
Hn+1 (Z(n)Zar)x = H
n+1 (Z(n)Zar(X)) = H
n+1
Zar (X,Z(n))
by [4, p.779, Theorem 3.2 (b)]. Moreover,
Hn+1et (X,Z(n)) = H
n+1
Zar (X,Z(n))
by [4, p.774, Theorem 1.2.2] and [27]. Therefore
Hn+1et (X,Z(n)) = 0
by [4, p.786, Corollary 4.4].
Let m be a positive integer. Then we have a distinguished triangle
· · · → Z(n)et
×m
−−→ Z(n)et → Z/m(n)et → · · · . (3)
Hence the statement follows from [4, p.774, Theorem 1.2.4] and Lemma 4.1.
Remark 3. Let X be the spectrum of a regular local ring. Then
H1 (XZar,O
∗
X) = 0
by [7, p.131, II, Proposition 6.2] and [7, p.141, II, Proposition 6.11], because a
regular local ring is UFD.
Moreover the canonical map H1 (XZar,O
∗
X) → H
1 (Xet,Gm) is an isomor-
phism by [12, p.124, Proposition 4.9]. Hence H1 (Xet,Gm) = 0.
Therefore Property 1 (i-a) follows from the exact sequence
0→ µl → Gm
×l
−→ Gm → 0
for an integer l which is prime to char(X) ([12, p.66, II. Example 2.18 (b)]).
Let p be a prime integer. Then we have an exact sequence
0→ Gm
×pn
−−−→ Gm
dlog
−−−→WΩ1n,log → 0, (4)
in the case whereX is a smooth scheme over Fp by [9, p.580, Proposition 3.23.2].
Since the sheaves Gm and WΩ
1
n,log are commute with direct limits, we have the
exact sequence (4) in the case where X is the spectrum of a regular local ring
with char(X) = p > 0 by the theorem of Popescu ([15, p.90, (2.7) Corollary]).
Therefore Property 1 (i-b) follows.
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Lemma 4.2. Let F : A → B be a left exact functor between abelian cate-
gories and let A be a Grothendieck category. Then
Rn+1F (τ≤nA
•) = Ker
(
Rn+1F (A•)→ F (Hn+1(A•))
)
for any complex A•.
Proof. If B• is bounded below, there is a convergent spectral sequence for the
hyper-cohomology with
RpF (Hq(B•))⇒ Rp+qF (B•) (5)
and
RnF (B•) = RnF (B•).
So
RnF (τ≥n+1A
•) = RnF (τ≥n+1A
•) = 0,
Rn+1F (τ≥n+1A
•) = Rn+1F (τ≥n+1A
•)
∼
−→ F (Hn+1(A•))
for any complex A•. By a distinguished triangle
· · · → τ≤nA
• → A• → τ≥n+1A
• → · · · ,
we have a distinguished triangle
· · · → RF (τ≤nA
•)→ RF (A•)→ RF (τ≥n+1A
•)→ · · · .
Therefore,
Rn+1F (τ≤nA
•) = Ker
(
Rn+1F (A•)→ F (Hn+1(A•))
)
.
Remark 4. Let A• be a bounded below complex. Since the edge maps of
spectral sequence are natural maps, the morphism
Rn+1F (A•)→ Rn+1F (τ≥n+1A
•)
corresponds to the edge map of RpF (Hq(A•))⇒ Rp+qF (A•).
Proposition 4.3. Let B be a regular local ring with dim(B) ≤ 1, X an
essentially of finite type scheme over SpecB and i : Y → X a closed subscheme
of codimension c with open complement j : X → X.
Suppose that X is an essentially smooth over a regular ring of dimension at
most one. Then we have a quasi-isomorphism
τ≤n+2
(
Z(n− c)et[−2c]
)
∼
−→ τ≤n+2Ri
!Z(n)et (6)
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and a quasi-isomorphism
τ≤n+1
(
Z/m(n− c)et[−2c]
)
∼
−→ τ≤n+1Ri
!Z/m(n)et (7)
for any positive integer m.
Moreover, if Rij∗Z(n)Zar = 0 for i ≥ n+2 ,we have a distinguished triangle
· · · → i∗Z(n− c)et[−2c]→ Z(n)et → τ≤n+1Rj∗Z(n)et → · · · (8)
Proof. (cf. The proof of [4, Theorem 1.2.1]) We have a quasi-isomorphism
τ≤n+1ǫ
∗Rj∗Z(n)Zar
∼
−→ τ≤n+1ǫ
∗Rj∗Rǫ∗Z(n)et
∼
−→ τ≤n+1Rj∗Z(n)et (9)
by [4, p.774, Theorem 1.2.2] (cf. [4, p.787]). Since
Rn+2j∗ (τ≤n+1Rǫ∗Z(n)et)→ R
n+2j∗ (Rǫ∗Z(n)et)
is an injective, the composite map
ǫ∗Rn+2j∗Z(n)Zar
∼
−→ ǫ∗Rn+2j∗ (τ≤n+1Rǫ∗Z(n)et)
→֒ǫ∗Rn+2j∗Rǫ∗Z(n)et
∼
−→ Rn+2j∗Z(n)et
is an injective. Moreover we have the map of distinguished triangles
ǫ∗Z(n− c)Zar[−2c] −−−−→ ǫ
∗i∗Z(n)Zar −−−−→ ǫ
∗i∗Rj∗Z(n)Zary ∥∥∥ y
Ri!Z(n)et −−−−→ i
∗Z(n)et −−−−→ i
∗Rj∗Z(n)et.
Therefore we have the quasi-isomorphism (6) by the five-lemma. Applying ǫ∗ to
the distinguished triangle of [4, p.780, Corollary 3.3 (a)], we get a distinguished
triangle
i∗Z(n− c)et[−2c]→ Z(n)et → ǫ∗Rj∗Z(n)Zar .
Hence we have the distinguished triangle (8) by the quasi-isomorphism (9). The
quasi-isomorphism (7) follows from the quasi-isomorphism (6).
Remark 5. If B is a Dedekind ring and i is the inclusion of one of the closed
fibers, we have the quasi-isomorphisms (6) and (7) as [4, p.774, Theorem 1.2.1].
Proposition 4.4. Let X, Y and X be same as above. Suppose that c = 1.
Then we have a quasi-isomorphism
τ≤n+1
(
Z(n)XZar
) ∼
−→ τ≤n+1
(
Rǫ∗Z(n)
X
et
)
(10)
in the following cases:
(i) X is a reduced scheme and finite type over a field with dim(X) = 1,
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(ii) X is a regular scheme with dim(X) = 2.
Proof. (cf. The proof of [4, Theorem 1.2.2]) We can prove the statement as [4,
p.774, Theorem 1.2.2]. It is sufficient to show that
τ≤n+2 (i∗Z(n− 1)[−2]Zar)→ τ≤n+2
(
Rǫ∗i∗Ri
!Z(n)et
)
is a quasi-isomorphism.
We have a quasi-isomorphism
(
τ≤ni∗Rǫ∗Z(n− 1)et
)
[−2] ≃ τ≤n+2
(
i∗Rǫ∗Z(n− 1)et[−2]
)
≃τ≤n+2
(
i∗Rǫ∗
(
τ≤n+2
(
Z(n− 1)et[−2]
)))
∼
−→τ≤n+2
(
i∗Rǫ∗
(
τ≤n+2
(
Ri!Z(n)et
)))
≃ τ≤n+2
(
i∗Rǫ∗Ri
!Z(n)et
)
by Proposition 4.3.
Suppose that X satisfies the condition (i). Then we can choose X,Y as
satisfying the condition of Proposition 4.3 by a resolution of singularities of
curves. Hence we have a quasi-isomorphism
τ≤n+2
(
i∗Z(n− 1)Zar[−2]
)
≃
(
τ≤ni∗Z(n− 1)Zar
)
[−2] (11)
∼
−→
(
τ≤ni∗Rǫ∗Z(n− 1)et
)
[−2] (12)
by [4, Theorem 1.2.2]. Therefore the statement follows if X satisfies the condition
(i).
Before we prove that Problem 1 (iii) is true for some cases, we prove the
following lemma.
Lemma 4.3. Let B be a regular ring with dim(B) ≤ 1 and X an essentially
of finite type over SpecB. Let i : Y → X be a closed subscheme of codimension
1 with open complement j : U → X . Suppose that U is a regular scheme with
dim(U) ≤ 1.
Then we have
Rn+2j∗ (Z(n)et)x¯ = H
n+1
B (U ×X SpecOX,x¯)
for x ∈ X .
Proof. Since Z/m(n)Uet is bounded below for any positive integer m, we have a
spectral sequence
Rpj∗ (H
q(Z/m(n)et))⇒ R
p+qj∗Z/m(n).
Moreover Bloch’s cycle complex Z(n) commutes with direct limits by Remark
2, so Z/m(n)et does.
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Hence we have
(
Rn+1j∗Z/m(n)et
)
x¯
= Hn+1et (U ×X OX,x¯,Z/m(n))
by [12, p.88, III, Lemma 1.16]. Moreover we have
Rn+1j∗ (Z(n)et)x¯ =
(
ǫ∗Rn+1j∗Z(n)Zar
)
x¯
= Hn+1Zar (U ×X SpecOX,x¯,Z(n))
= Hn+1et (U ×X SpecOX,x¯,Z(n))
by the quasi-isomorphism (9) and [4, p.779, Theorem 3.2 b)]. Therefore the
statement follows.
Proposition 4.5. LetX be a regular integral scheme with dim(X)=1. Then
Problem 1 (iii) is true for X .
Proof. We have
Hnet (Spec k(X),Z(n− 1)) = lim→
U
Hnet (U,Z(n− 1))
by [4, p.774, Theorem 1.2.2] and [4, p.779, Theorem 3.2 b)]. Here the limit is
taken over any open subset of X .
Moreover we have
Hnet (Spec k(X),Z/m(n− 1)) = lim→
U
Hnet (U,Z/m(n− 1))
for any positive integer m as the proof of Lemma 4.3. Hence we have
Hn+1et (Spec k(X),Z(n− 1))m = lim→
U
Hn+1et (U,Z(n− 1))m (13)
by the distinguished triangle (3).
Let k be a field. Then we have
Hnet (Spec k,Z(n− 1)) = H
n
Zar (Spec k,Z(n− 1)) = Hn−2
(
zn−1(Spec k, ∗)
)
= 0
by [4, p.774, Theorem 1.2.2] and [4, p.779, Theorem 3.2 b)]. Hence the natural
homomorphism
HnB (X)→ H
n
B(U)
is an injective by Proposition 4.3. Therefore
HnB(X)→ H
n
B (k(X))
is an injective by (13).
For each x ∈ X , we choose a geometric point ux : x¯ → X . Then F →∏
x∈X
(ux)∗(ux)
∗F is an injective for a sheaf on Xet ([12, p.90, III, Remark 1.20
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(c)]). So
Hn+2et (X, τ≤n+1Rj∗Z(n))
=Ker
(
Hn+2et (U,Z(n))→
∏
x∈X
(
Rn+2j∗Z(n)
)
x¯
)
=Ker
(
Hn+2et (U,Z(n))→
∏
x∈X
Hn+2et (k(OX,x¯),Z(n))
)
for any open immersion j : U → X . Therefore the statement follows.
Remark 6. Let El,m2 ⇒ E
l+m be a spectaral sequence. Suppose that El,m2 = 0
for l < 0 or m < 0. Then we can define the morphism
Ker
(
En → E0,n
)
≃ En1 ։ E
n
1 /E
n
2 ≃ E
1,n−1
∞ →֒ E
1,n−1
2 . (14)
Moreover, the morphism (14) is an isomorphism if El,m2 = 0 for l ≥ 2.
Let (A,m, k) be a discrete valuation ring. Let j : SpecK → SpecA be the
generic point and i : Spec k→ SpecA the closed immersion.
For the above,
Ker
(
Hn+1et (SpecK,Z/p(n))→ H
n+1
et (SpecKm¯,Z/p(n))
)
=H1et (SpecA,R
nj∗Z/p(n)) = H
1
et (SpecA, i∗i
∗Rnj∗Z/p(n))
=H1 (Gal(ks/k),H
n
et(SpecKm¯,Z/p(n)))
for char(k) = p > 0 and n > 0 where ks is the separable closure of k and Km¯ is
the maximal unramified extension of K.
We have the commutative diagram
Hn+1et (K,Z/p(n))∥∥∥
H1et (X,R
nj∗Z/p(n)) −−−−→ H
n+1
et (X,Rj∗Z/p(n))y y
H1et
(
X, i∗R
n+1i!Z/p(n)
)
−−−−→ Hn+1
(
Xet, i∗Ri
!Z/p(n)[+1]
)
∥∥∥
Hn+2m (K,Z/p(n))
(15)
where the horizontal maps are given by spectral sequences
Hlet (X,R
mj∗Z/p(n))⇒ H
l+m
et (K,Z/p(n))
and
12
Hlet
(
X, i∗R
mi!Z/p(n− 1)
)
⇒ Hl+mm (K,Z/p(n)) .
Moreover, we have the commutative diagram
ǫ∗i∗Rj∗Z/p(n)Zar −−−−→ ǫ
∗Z/p(n− 1)Zar[−1]y y
i∗τ≤n (Rj∗Z/p(n)et) −−−−→ τ≤n+1
(
Ri!Z/p(n)et
)
[+1]
where the vertical maps are quasi-isomorphism and the homomorphism
(ǫ∗i∗Hn (Rj∗Z/p(n)Zar))x¯ → H
n−1 (ǫ∗Z/p(n− 1)Zar)x¯
agrees with the symbol map KnM (Km¯)/p→ K
n−1
M (ks)/p by [6, Lemma 3.2].
Therefore the homomorphism
Hn+1et (X, τ≤n (Rj∗Z/p(n)))→ H
n
et (X, i∗ (Z/p(n− 1)))
which is induced by the map
τ≤n (Rj∗Z/p(n)et)→ i∗ (Z/p(n− 1)et) [−1]
agrees with the homomorphism
H1 (Gal(ks/k),K
n
M (Km¯)/p)→ H
1
(
Gal(ks/k),K
n−1
M (ks)/p
)
(16)
which is induced by the symbol map.
In the case where [k : kp] ≤ n − 1, the homomorphism (16) is defined by
K.Kato ([17, p.150, §1, (1.3) (ii)]).
Proposition 4.6. Let B be a regular local ring with dim(B) ≤ 1. Let
SpecA be a regular local scheme with dim(A) = 2 and a localization of finite
type over SpecB.
Then Problem 1 (iii) is true for SpecA.
Proof. Let SpecA/(f)→ SpecA be a regular closed subscheme of codimension
1. Then the morphism
Hn+2et (A,Z(n))→ H
n+2
et (Af ,Z(n))
is an injective. Hence
Hn+2et (A,Z(n))→ H
n+2
et (k(A),Z(n))
is an injective.
Let SpecA/m → SpecA be the closed point with the open complement
j : U → X .
Then the morphism
Hn+2et (A,Z(n))→ H
n+2
et (A, τ≤n+1Rj∗Z(n))
13
is a surjective. Moreover we have
Hn+2et (A, τ≤n+1Rj∗Z(n)) = Ker
(
Hn+2et (U,Z(n))→ Γ(X,R
n+2j∗Z(n)et)
)
Therefore the statement follows.
Lemma 4.4. Let A be same as above. Suppose that B be a discrete val-
uation ring with mixed-characteristic. Let l be a positive integer such that
(l, char(A)) = 1.
Then we have
Z/l(n)et ≃ µ
⊗n
l .
Proof. We have a quasi-isomorphism
τ≤n+1
(
Z/l(n)
)
≃ τ≤n+1
(
µ⊗nl
)
by Proposition 4.3 and the absolute purity theorem ([3]). Moreover
Hi (Z(n)Zar) = 0
for i ≥ n+ 2, so we have Hn+2 (Z/l(n)et) = 0. Therefore the statement follows.
Proposition 4.7. Let notations be same as Lemma 4.4. Then the sequence
Hn+1
(
Aet, µ
⊗n
l
)
→ Hn+1
(
k(A)et, µ
⊗n
l
)
→
⊕
p∈SpecA(1)
Hn
(
κ(p)et, µ
⊗n−1
l
)
(17)
is exact.
Proof. Let i : SpecA/(f) → SpecA be a regular closed subscheme of codi-
mension 1. Let j : SpecAf → SpecA be the open complement of i. Then
Rn+1j∗µ
⊗n
l = 0 for n + 1 6= 1 by the absolute purity theorem ([3]). Hence
Hn+1(Aet, τ≤nRj∗µ
n
l ) = H
n+1((Af )et, µ
⊗n
l ), so we have
Hn+2et (A, τ≤n+1Rj∗Z(n))l = H
n+2
et (Af ,Z(n))l
for n+ 1 6= 1. Therefore the statement follows.
Remark 7. The sequence (17) is exact and the first map in the sequence (17)
is an injective in the case where A is an equi-characteristic regular local ring
(even when dim(A) 6= 2) by [14, Theorem C].
Theorem 4.1. Let B be a discrete valuation ring which is an essentially of
finite type over a field. Let A be a regular local ring which is smooth over A
with dim(A) = 2.
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Then the sequence
0→H1(Aet, ν
n
r )→ Ker
(
H1(k(A)et, ν
n
r )→
∏
p∈SpecA(1)
H1 (k(Ap¯)et, ν
n
r )
)
→
⊕
p∈SpecA(1)
H1(κ(p)et, ν
n−1
r )
is exact.
Proof. We have
Hn+1B (A)pr = H
1
(
Aet,WΩ
n
r,log
)
by Lemma 4.1. Let i : SpecA/m → SpecA be the closed point with the open
complement j : U → X . Then we have
Hn+2Spec(A/m) ((SpecA)et,Z/p
r(n)) = Kn−2M (A/m)/p
rKn−2M (A/m)
by the theorem of Gros-Shiho-Suwa [24, p.583, Theorem 3.2], the theorem
of Bloch-Gabber-Kato [1, p.117, Corollary (2.8)] and Proposition 4.1. Here
Kn−2M (A/m) is the Milnor K-group of A/m. Moreover we have
Hn+2Spec(A/m) ((SpecA)et,Z(n)) = K
n−2
M (A/m)
by [13] and the quasi-isomorphism (7). Hence we have
Hn+3Spec(A/m) ((SpecA)et,Z(n))pr = 0
by a distinguished triangle
· · · → i∗Ri
!Z(n)
×pr
−−→ i∗Ri
!Z(n)→ i∗Ri
!Z/pr(n)→ · · · .
Therefore the morphism
Hn+2et (A,Z(n))pr → H
n+2
et (A,Rj∗Z(n))pr = H
n+2
et (U,Z(n))pr
is an isomorphism. The statement follows from Proposition 4.5.
Proposition 4.8. Let OK be a Henselian discrete valuation ring with
residue field F and the quotient field K.
Let X be a connected regular scheme and proper over SpecOK with dim(X) =
2, X = X⊗OK K and Y = X⊗OK F .
Then the morphism
Hn+1Zar (X,Z(n))→ H
n
Zar (Y,Z(n− 1)) (18)
is a surjective.
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Proof. Let
F szn(X, ∗) = colim
Z⊂X
codimX Z≥s
im
(
zn−s(Z, ∗)→ zn(X, ∗)
)
,
be the subcomplex of zn(X, ∗) generated by cycles whose projection to X has
codimension at least s. Taking the colimit of the localization sequence ([4,
p.779, Theorem 3.2 (a)]) over pairs Z ′ ⊂ Z with Z of codimension s and Z ′ of
codimension s+ 1, we get quasi-isomorphisms
grszn(X, ∗) = F szn(X, ∗)/F s+1zn(X, ∗) ≃ colim
(Z,Z′)
zn−s(Z − Z ′, ∗)
≃
−−→
res
⊕
x∈X(s)
zn−s(κ(x), ∗).
Here the right hand map send a cycle on a subscheme to its restriction to the
generic points ([4, p.782]). Then
Hn+1Zar (X,Z(n))
=Coker

 ⊕
x∈X(0)
HnZar(κ(x),Z(n))→
⊕
x∈X(1)
Hn−1Zar (κ(x),Z(n − 1))

 (19)
by the exact sequence
0→ F 1zn(X, ∗)→ zn(X, ∗)→ gr0zn(X, ∗)→ 0.
Moreover
Coker
(
F 1zn(X, ∗)→ F 1zn(X, ∗)
)
≃ Coker (zn(X, ∗)→ zn(X, ∗)) (20)
by applying snake lemma to a commutative diagram with two exact rows
F 1zn(X, ∗) −−−−→ zn(X, ∗) −−−−→
⊕
x∈X0
zn(κ(x), ∗) −−−−→ 0
y y ≃y
0 −−−−→ F 1zn(X, ∗) −−−−→ zn(X, ∗) −−−−→
⊕
x∈X0
zn(κ(x), ∗).
Hence we have a distinguish triangle
0→ zn−1(Z, ∗)→ F 1zn(X, ∗)→ F 1zn(X, ∗) (21)
by [10, Theorem 1.7]. Let x ∈ X(1) and Z = {¯x}. Let Z˜ → Z be the normal-
ization of Z. Then we have the map of distinguished triangles
zn−2
(
Z˜ ×Ok k, ∗
)
−−−−→ zn−1(Z˜, ∗) −−−−→ zn−1
(
Z˜ ×Ok K, ∗
)
y y y
zn−1(Y, ∗) −−−−→ F 1zn(X, ∗) −−−−→ F 1zn(X, ∗)
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by [2, Proposition 1.7]. Therefore the morphism (18) is induced by the morphism⊕
x∈X(1)
KnM (κ(x)) →
⊕
x∈Y (1)
Kn−1M (κ(x)) which is composite of the symbol map
and the norm map by [6, Lemma 3.2] and [25, Lemma 3.4.4].
For a point y ∈ Y0, there exists x ∈ X0 such that the residue field κ(x)
is the quotient field of a Henselian discrete valuation ring ¯{x} ⊂ X with the
residue field κ(y) (c.f, [21, p.262, The proof of Lemma (3.11) (2)]). Therefore
the statement follows.
Corollary 1. Let notations be same as Proposition 4.8. Then
Hn+2Zar (X,Z(n)) = 0.
Proof. The statement follows from Proposition 4.8 and [4, p.780, Corollary 3.3
a)].
Theorem 4.2. Let X be same as Proposition 4.8. Then Problem 1 (iii) for
X is true.
Proof. Since Hn+2
(
Z(n)Xet
)
= 0, we have a distinguished triangle
· · · → Z(n)Xet → τ≤n+1Rj∗Z(n)et → i∗
(
τ≤n+1
(
(Ri!Z(n)et)[+1]
))
→ · · ·
and a quasi-isomorphism
τ≤n+1
(
(Ri!Z(n)et)[+1]
)
=
(
τ≤n+2Ri
!Z(n)et
)
[+1]
≃ (τ≤n+2 (Z(n− 1)et[−2])) [+1] = τ≤n+1 (Z(n− 1)et[−1])
by Proposition 4.3. Since the homomorphism
Hn+2et
(
X, i∗
(
τ≤n+1
(
(Ri!Z(n)et)[+1]
)))
=Hn+2et
(
Y, τ≤n+1
(
(Ri!Z(n)et)[+1]
))
=Hn+2et (Y, τ≤n+1 (Z(n− 1)et[−1]))
→֒Hn+2et (Y,Z(n− 1)et[−1]) = H
n+1
et (Y,Z(n− 1))
is an injective by Lemma 4.2, we have an exact sequence
Hn+2et (X,Z(n))→ H
n+2
et (X, τ≤n+1Rj∗Z(n))→ H
n+1
et (Y,Z(n− 1)) (22)
and the first map of the sequence (22) is an injective by Proposition 4.8. More-
over we have
Hn+2et (X, τ≤n+1Rj∗Z(n))
=Ker
(
Hn+2et (X,Z(n))→
∏
x∈X(0)
Hn+2et (k(OX,x¯),Z(n))
)
17
and the homomorphism
Hn+1et (Y,Z(n− 1))→
⊕
x∈Y (0)
Hn+1et (κ(x),Z(n − 1))
is an injective by a resolution of singularities of curves and Proposition 4.5.
Moreover Y (0) ⊂ X(1). Therefore the statement follows from Proposition 4.5.
Corollary 2. Let notations be same as above. Then we have
HnB(X) =
⋂
x∈X(0)
HnB(OX,x). (23)
Suppose that OK is a discrete valuation ring which is an essentially of finite
type over a field. Suppose that X is smooth over SpecOK . Then the sequence
0→ HnB(X)→ Ker
(
HnB(k(X))→
∏
x∈X(1)
HnB(k(OX,x¯))
)
→
⊕
x∈X(1)
Hn−1B (κ(x))
(24)
is exact.
Proof. The equation (23) follows from Proposition 4.6 and Theorem 4.2. If X
satisfies the assumption of Corollary 2, then the exact sequence (24) follows
from (23), [14, Theorem C] and Theorem 4.1.
5 Logarithmic Hodge-Witt cohomology of Henselian
regular local rings
The objective of this section is to prove Theorem 5.1. Theorem 5.1 is used to
prove Proposition 6.1.
Lemma 5.1. Let A be a regular local ring over Fp. Let t be a regular element
of A, n = (t) and B = A/n. Then we have an exact sequence
0→ (nΩiA + dΩ
i−1
A )/dΩ
i−1
A → Ω
i
A/dΩ
i−1
A
g¯i
−→ ΩiB/dΩ
i−1
B → 0
where the homomorphism g¯i is induced by the natural homomorphism gi : Ω
i
A −→
ΩiB.
Proof. A can be written as a filtering inductive limit lim
→
λ
Aλ of finitely generated
smooth algebras over Fp by Popescu’s theorem ([15]). Let nλ be an ideal (t) of
Aλ and Bλ = Aλ/(t). Then we may assume that Bλ is 0-smooth over Fp.
By [20, p.194, Theorem 25.2], we have a split exact sequence
0→ nλ/n
2
λ
δ0−→ ΩAλ ⊗Aλ Bλ
α0−→ ΩBλ → 0
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where a section γ0 of α0 is defined by
γ0
(
b¯da¯
)
= da⊗ b¯
for a, b ∈ A. Therefore we have an exact sequence
0→ nλ/n
2
λ ⊗Bλ Ω
i−1
Bλ
δi−→ ΩiAλ ⊗Aλ Bλ
αi−→ ΩiBλ → 0
where
δi
(
a¯⊗ (db¯1 ∧ · · · ∧ db¯i−1)
)
= (da ∧ db1 ∧ · · · ∧ dbi−1)⊗ 1¯
for a ∈ nλ, b1, · · · , bi−1 ∈ Aλ and
αi
(
(dc1 ∧ · · · ∧ dci)⊗ f¯
)
= f¯dc¯1 ∧ · · · ∧ dc¯i
for c1, · · · , ci, f ∈ Aλ by [20, p.284, Theorem C.2]. Hence the sequence
0→ n/n2 ⊗B Ω
i−1
B
δi−→ ΩiA ⊗A B
αi−→ ΩiB → 0 (25)
is exact.
On the other hand, we have
Ker (αi) = Im (δi) ⊂
(
dΩi−1A + nΩ
i
A
)
/nΩiA
by the sequence (25). So we have
Ker (gi) ⊂ dΩ
i−1
A + nΩ
i
A.
Since
dΩi−1B = Im
(
dΩi−1A → Ω
i
A
gi
−→ ΩiB
)
,
we have
Ker (g¯i) ⊂
(
dΩi−1A + nΩ
i
A
)
/dΩi−1A .
Therefore the statement follows.
Lemma 5.2. Let A be a Henselian regular local ring and X = Spec(A).
Suppose that char(A) = p > 0. Then
H1
(
Xet, ZΩ
i
X
)
= H1
(
Xet, dΩ
i
X
)
= 0
for all i > 0.
Proof. Since ΩiX is a quasi-coherent sheaf of OX -module,
Hj(XZar,Ω
i
X) = 0
for all j > 0 by [12, p.103, III, Lemma 2.15]. Hence we have
Hj(Xet,Ω
i
X) = 0
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by [12, p.48, II, Proposition 1.3] and [12, p.114, III, Remark 3.8]. Moreover,
since cdp(ket) = 1, we have
H2
(
Xet,Ω
i
X,log
)
= H2
(
ket, i
∗(ΩiX,log)
)
= 0
by [4, p.777, the proof of Proposition 2.2.b)]. Therefore we have
H2
(
Xet, ZΩ
i
X
)
= 0
by [24, p.576, Proposition 2.10] and
H1(Xet, dΩ
i
X) = 0
by the exact sequence
0→ ZΩiX → Ω
i
X → dΩ
i
X → 0.
Since the sequence
0→ dΩi−1X → ZΩ
i
X → Ω
i
X → 0
is exact by [24, p.574, Proposition 2.5], we have
H1
(
Xet, ZΩ
i
X
)
= 0.
Therefore the statement follows.
Theorem 5.1. Let A be a Henselian regular local ring over Fp, t a regular
element of A and B = A/(t).
Then the homomorphism
H1
(
(SpecA)et,Ω
i
A,log
)
→ H1
(
(SpecB)et,Ω
i
B,log
)
(26)
is an isomorphism.
Proof. We have the following commutative diagram.
Ker(gi)→ (nΩ
i
A + dΩ
i−1
A )/dΩ
i−1
Ay y
ΩiA
1−F
−−−−−−→ ΩiA/dΩ
i−1
A −−→ H
1
(
(SpecA)et,Ω
i
A,log
)
→ 0
gi
y y y
ΩiB
1−F
−−−−−−→ ΩiB/dΩ
i−1
B −−→ H
1
(
(SpecB)et,Ω
i
B,log
)
y
0
(27)
where F is the homomorphism which is induced by the Frobenius operator.
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Then the horizontal arrows in (27) are exact by [24, p.576, Proposition 2.8]
and Lemma 5.2. Moreover the vertical arrow in (27) is exact by Lemma 5.1.
If the upper homomorphism in (27) is a surjective, we can show that the ho-
momorphism (26) is an injective by chasing diagram (27). We have a surjective
homomorphism
A⊗ (A∗)⊗i → ΩiA
a⊗ b1 ⊗ · · · ⊗ bi 7→ a
db1
b1
∧ · · · ∧
dbi
bi
by [18, p.34, Lemma] and
F
(
a
db1
b1
∧ · · · ∧
dbi
bi
)
= ap
db1
b1
∧ · · · ∧
dbi
bi
.
Since
nΩiA ⊂ Ker(gi),
it is sufficient to show that for any a ∈ n there exists a b ∈ n such that
bp − b = a. (28)
By the definition of Henselian, there exists a b ∈ A\A∗ such that b is a solution
of the equation (28) and b + 1, · · · , b + p − 1 ∈ A∗ are also solutions of the
equation (28). Hence b ∈ n by the equation (28). The homomorphism (26) is
also a surjective by the diagram (27). Therefore the statement follows.
6 A generalization of Artin’s theorem
In this section, we consider a generalization of Artin’s theorem ([5, p.98, Theo-
rem (3.1)]) as follows.
Proposition 6.1. Let OK be the Henselization of a discrete valuation ring
which is an essentially of finite type over a field k. Let π : X → SpecOK be a
smooth and proper morphism and Y the closed fiber of π. Suppose that X is a
connected and dim(X) = 2.
Then we have the morphism
HnB (X)→ H
n
B (Y ) (29)
and the morphism (29) is a surjective.
Proof. The morphism (29) is defined by [11, Remark 2.9] and [11, Theorem
10.2]. Let
Xet
ǫ
−→ XZar, Xet
α
−→ XNis
β
−→ XZar
be the canonical maps of sites. Since
Z/m(n)Zar
∼
−→ τ≤n (Rǫ∗Z/m(n)et)
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by [4, p.774, Theorem 1.2.2] and β∗β∗ = id, we have a quasi-isomorphism
Z/m(n)Nis
∼
−→ τ≤n (Rα∗Z/m(n)et)
for any positive integer m. Hence we have a distiguished triangle
Z/m(n)Nis → τ≤n+1 (Rα∗Z/m(n)et)→ R
n+1α∗Z/m(n)et[−n− 1]. (30)
Since
Hn+2Zar (X,Z(n)) = H
n+2
Zar (Y,Z(n)) = 0
by Corollary 1 and Vanishing theorem, we have
Hn+2Nis (X,Z(n)) = H
n+2
Nis (Y,Z(n)) = 0 (31)
by [4, p.781, Proposition 3.6] and
Hn+2Nis (X,Z/m(n)) = H
n+2
Nis (Y,Z/m(n)) = 0 (32)
by the distinguished triangle
Z(n)t
×m
−−→ Z(n)t → Z/m(n)t (33)
for t ∈ {Zar,Nis, et}. Hence we have a commutative diagram
0→ Hn+1Nis (X,Z/m(n))→ H
n+1
et (X,Z/m(n))→ Γ
(
X,Rn+1α∗Z/m(n)et
)
→ 0y y y
0→ Hn+1Nis (Y,Z/m(n))→ H
n+1
et (Y,Z/m(n))→ Γ
(
Y,Rn+1α∗Z/m(n)et
)
→ 0
(34)
with exact rows by the distinguished triangle (30).
On the other hand,
Im
(
Hn+1et (X,Z(n))→ H
n+1
et (X,Z/m(n))
)
=Coker
(
Hn+1et (X,Z(n))→ H
n+1
et (X,Z(n))
)
=Hn+1Nis (X,Z/m(n))
and
Im
(
Hn+1et (Y,Z(n))→ H
n+1
et (Y,Z/m(n))
)
= Hn+1Nis (Y,Z/m(n))
by the distinguished triangle (33) and (31).
So we have a commutative diagram
0→ Hn+1Nis (X,Z/m(n))→ H
n+1
et (X,Z/m(n)) → H
n+2
et (X,Z(n))m → 0y y y
0→ Hn+1Nis (Y,Z/m(n))→ H
n+1
et (Y,Z/m(n))→ H
n+2
et (Y,Z(n)et)m → 0
(35)
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with exact rows by the distinguished triangle (33).
Therefore it is sufficient to show that the homomorphism
Γ
(
X,Rn+1α∗Z/m(n)et
)
→ Γ
(
Y,Rn+1α∗Z/m(n)et
)
(36)
is a surjective by the commutative diagrams (34) and (35).
Let i : Y → X be the closed immersion of X. Then the diagram
Hn+1et (X,Z/m(n)) → Γ
(
X,Rn+1α∗Z/m(n)et
)
→ 0y y
Hn+1et (Y, i
∗Z/m(n)) → Γ
(
Y,Rn+1α∗i
∗Z/m(n)et
)
y y
Hn+1et (Y,Z/m(n)) → Γ
(
Y,Rn+1α∗Z/m(n)et
)
→ 0
(37)
is commutative.
Suppose that m is prime to char(X). Then we have
i∗
(
Z/m(n)X
)
= Z/m(n)Y
by the definition of m-th roots of unity. So the homomorphism (36) is a surjec-
tive by the proper base change theorem ([12, p.224, Corollary 2.7]).
Suppose that m = char(X). Then Hn+2Nis (Y, i
∗Z/m(n)) = 0 by [19]. So the
middle horizontal homomorphism in the diagram (37) is a surjective. Therefore
the homomorphism
Γ
(
X,Rn+1α∗Z/m(n)et
)
→ Γ
(
Y,Rn+1α∗i
∗Z/m(n)et
)
is a surjective by the proper base change theorem ([12, p.224, Corollary 2.7]).
Moreover the homomorphism
Γ
(
Y,Rn+1α∗i
∗Z/m(n)et
)
→ Γ
(
Y,Rn+1α∗Z/m(n)et
)
is a surjective by [4, p.777, The proof of Proposition 2.2.b)] and Theorem 5.1.
Therefore the homomorphism (36) is a surjective. Hence the statement follows.
Remark 8. Let OK be an excellent Henselian discrete valuation ring. Let X
be a regular proper curve over SpecOK .
Suppose that OK is an equi-dimensional complete discrete valuation and X
is projective over SpecOK . Then the local-global map
HnB(k(X))l →
∏
x∈X(1)
HnB(k(O˜X,x))l (38)
is an injective for n > 1 and l which is prime to char(OK) by [8, Theorem 3.3.6].
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Suppose that OK is an equi-characteristic and X is a smooth over SpecOK .
Then the local-global map (38) is an injective for n ≥ 1 and any positive integer
l if the morphism (36) is an injective.
Suppose that OK is a mixed-characteristic complete discrete valuation ring
and X is projective over SpecOK . Then the local-global map (38) is an injective
for n > 1 and l which is prime to char(OK) if the first map in the exact sequence
(17) is an injective by [8, Remark 3.3.7].
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